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Abstract
In this letter, I consider the issue of pricing risky debt by following Merton’s
approach. I generalize Merton’s results to the case where the interest rate is
modeled by the CIR term structure. Exact closed forms are provided for the
risky debt’s price.
PACS number: 05.40.+j Fluctuation phenomena, random processes and
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There are considerable recent interests in pricing derivatives with credit risk, among
theoretical researchers and practitioners. In general, pricing instruments with credit risk
follows two approaches. The first one, pioneered by Merton [1–5], is to assume a stochastic
process for the value of the firm, and then handle the risky debt as an option. In particular,
a very interesting jump-diffusion approach to credit risk was proposed recently [5] within
this framework. The second approach is to assume stochastic processes for the credit quality
of each bond, and the recovery rate in the event of default [6]. In this letter, I follow the
approach of Merton’s. The problem of pricing risky debt is studied when the interest rate
is modeled by the Cox-Ingersoll-Ross term structure. Closed form results are provided for
the prices of the risky debt. In Merton’s original work, he assumed that the interest rate
is constant and that the default event of the debt can only occur at the time of maturity.
He then gave the closed form of the risk debt’s price. As stated explicitly in his work [1],
one can generalize the results to the case when interest rate is stochastic. This can easily
be achieved by using Merton’s work that generalized Black-Scholes formular to the option
pricing with stochastic interest rate.
However, one has to make the assumption that the bond process of the stochastic interest
rate will have to have a non-stochastic volatility which is allowed to be deterministic time-
dependent [1]. Among well-known interest rate models, such as Vasicek model [7] and
Cox-Ingersoll-Ross model [8], the Vasicek model will give rise to a non-stochastic volatility
for the corresponding bond process, while the Cox-Ingersoll-Ross will give a stochastic bond
volatility. Henceforth, Shimko etc [2] applied Merton’s results to the case of stochastic
interest rate described by the Vasicek model. Closed forms of the price of the risky debt can
be given exactly. Longstaff and Schwartz also considered the problem where default event
can occur before maturity and a Vasicek interest rate model was used [3]. It has remained
open for a long time whether one can derive a similar closed form result for the risky debt’s
price when the interest rate is CIR term structure. The results of this letter partly fill this
open gap that remains for a long time.
Assume a probability space denoted by (Ω, P, {Ft}, F ), with the filtration {Ft}. Consider
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the value of the firm that is described by the following process
dV
V
= µdt+ σdZ1, (0.1)
where Z1 is a Brownian motion in the probability space. The interest rate process is assumed
to be the one given by Cox-Ingersoll-Ross [8]:
dr = (a− βr) + ηdZ2, (0.2)
where η = σrr
1/2 with σr as a constant. For this term structure, they have computed the
riskless bond price explicitly. The co-quadratic variational process is [Z1, Z2] = ρt.
The firm issues equity and debt. The assumptions in Merton’s paper are also made here
[1]. The total value of the firm is the sum of equity and debt. The PDE satisfied by the
equity is given by
Hτ =
σ2
2
V 2HV V + ρησV HV r +
η2
2
Hrr + rV HV + (α− βr)Hr − rH (0.3)
where H = H(V, r, T − t) and τ = T − t is time to the maturity, and α is sum of a plus the
constant representing the market price of the interest rate risk. At τ = 0, the equity should
satisfy the boundary condition that H = max(0, V (T ) − B), where B is the face value of
the debt issued by the firm maturing at time T . The risky debt price is therefore given by
Y = V (t) −H(V, r, T − t). For simplicity, we assume, as Merton did, that event of default
of the risky debt can only occur at the time of maturity.
Following the standard risk neutral approach, we write the equity price as below:
H = EQ(e−
∫
T
t
r(s)dsmax(0, V (T )− B)|Ft), (0.4)
where the expectation EQ means that in the risk-neutral-adjusted world. In this risk-neutral
world, the firm value and the interest rate will follow the stochastic differential equations as
dlnV = (r − 1
2
σ2)dt+ σdZˆ1
dr = (α− βr)dt+ ηdZˆ2. (0.5)
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Here, both Zˆ1 and Zˆ2 are Wiener processes in the risk-neutral world, and the co-quadratic
process is [Zˆ1, Zˆ2] = ρt.
In the special case where Z1 and Z2 are independent of each other, Zˆ1 and Zˆ2 are
independent of each other, i.e. ρ = 0. In this case, we may find explicit closed form for the
equity price. Given a sample path of the interest rate {r(s)} for s ∈ [t, T ], we know that
m =
∫ T
t r(s)ds is given. Hence, conditional on that the sample path of the interest rate r is
given, we have
EQ(e−
∫
T
t
r(s)ds(V (T )− B)+|Ft, {r(s)}) = e−mEQ((V (T )−B)+|Ft, {r(s)}). (0.6)
This conditional expectation can be carried out with the standard method. It is found to
be
V (t)N(d1)−Be−mN(d2) (0.7)
where d1,2 =
ln(V (t)/B)+(m±σ2 (T−t)/2)
σ
√
T−t . Therefore, the price of the equity will be expressed in
terms of the probability density of m. Denote g(m) the density for the random variable
∫ T
t r(s)ds to be in the region [m,m+ dm]. The equity price will thus take the form
H(V (t), r(t), T − t) =
∫ ∞
0
(V (t)N(d1)− Be−mN(d2))g(m)dm. (0.8)
The remaining task is to find the closed form of the density distribution function g(m).
For the Cox-Ingersoll-Ross term structure, the density function g(m) can be found easily.
Consider the moment generating function
I(x) = EQ(e−x
∫
T
t
r(s)ds|Ft) =
∫ ∞
0
e−mxg(m)dm, (0.9)
where x is any non-zero numbers. Using the bond price of Cox-Ingersoll-Ross, we find
the moment generating function. For CIR term structure, stochastic differential equation
governing the short rate is dr = (α − βr)dt + σr
√
rdZˆ2, will remain unchanged under the
scaling transformation
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r → xr
β → β
α→ xα
σr → x1/2σr, (0.10)
where x is any positive real number. Denote D(r(t);α, β, σr, T − t) = EQ(e−
∫
T
t
r(s)ds|Ft)
the riskless zero-coupon bond price at time t whose payoff at maturity T is one. The exact
closed form of this zero-coupon bond price was provided explicitly [8]. We obtain
I(x) = D(xr(t), xα, β, x1/2σr, T − t) =
∫ ∞
0
g(m)e−xmdm. (0.11)
Doing inverse transformation, we will be able to find the density function g(m). Substituting
this density function into our previous pricing formular, we therefore obtain the closed form
of the price of the equity. The price of the risky debt Y is equal to V (t) minus the equity
value, i.e. Y (t) = V (t)−H . In terms of the density distribution g(m), we have
Y (t) =
∫ ∞
0
(V (t)− [V (t)N(d1)−Be−mN(d2)])g(m)dm. (0.12)
The credit spread is given by rD = − 1T ln(Y/B) − r(t). The credit spread is an increasing
function of the face value B, but a decreasing function of the firm’s asset value V (t).
We can generalize these closed form results to the following cases. First, one can consider
the case where the volatility of the firm’s value is a time dependent deterministic function
σ(s). We simply replace σ2(T − t) in our final formular by the integral ∫ Tt σ2(s)ds. This will
give us the closed form for the price of the risky debt.
Second, we can generalize our results when the firm value V is modeled by the CEV
processes dS = µSdt + σSα/2dZ1. Cox derives a closed form solution for the European
option [9]. When the interest rate is modeled with CIR term structure, we can derive the
closed form solution for the risky debt when the Wiener process Z1 is independent of the
interest rate’s Wiener process Z2.
Third generalization is when the firm value has a stochastic volatility. We may assume
that the firm value is modeled as
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dS
S
= µdt+ σdZ1
dσ2 = (η − βσ2)dt+ σνdZ2
(0.13)
where the second equation governs the behavior of the volatility of the firm’s value. When
the term structure is modeled by the CIR model: dr = (a− br)dt + σr
√
rdZ3, we may also
find the closed form of the risky debt in the special case where Z1, Z2 and Z3 are independent
of each others. In this case, we readily find the moment generating function for the interest
rate part, as well as the moment generating function for the σ2. In fact, given the sample
paths of the interest rate, and given the sample path of the variance of the firm’s value, one
can price the value of the equity with standard method. Averaging this over the distributions
of the interest rate sample path and over the σ2 sample path by using the corresponding
moment generating functions, we can derive the closed form for the equity price. Once this
is done, we will easily find the price of the risky debt and the corresponding credit spread.
In summary, we have made an attempt to price risky debt by following Merton’s ap-
proach. An effort has been taken by me to go beyond Merton’s closed form results which
require that the riskless bond’s volatility is a non-stochastic function of time. Our results
partly fill the open gap that remains for a long time. Our results can easily apply to any
term structure of riskless interest rate for which a closed form of zero-coupon bond price
has been found. It still remains to find a similar closed form solutions of risky debt when
the Wiener process of the firm value has non-zero co-quadratic variational process with the
Wiener process of the interest rate. A detailed account based on this letter will be reported
in further works.
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